The two-dimensional Green tensor for two-dimensional photonic crystals, consisting of clusters of circular cylinders of infinite length, is constructed using the exact theory of multipole expansions. On the basis of this Green tensor, the local density of states for both polarizations is calculated, showing how the density of states depends on the position inside the crystal. We include results for clusters with a waveguide, obtained by removing a line of cylinders, and a cavity, obtained by forming a localized defect.
Introduction
Photonic crystals [1] [2] [3] [4] are a novel type of material in which the refractive index varies periodically with position, and which prohibit the propagation of electromagnetic waves for some frequencies. They have the ability to 'tailor' the flow of light, and thus represent a key approach to the design of components for future integrated photonics [5] [6] [7] . Initially, much theoretical and experimental research was carried out to calculate band diagrams and find the transmission and reflection spectra of such structures [1] , but this gives little insight into the radiation dynamics of active material embedded in them. However, both pioneering papers in the area [8, 9] were concerned with changing the density of states, and thus the radiation dynamics of photonic crystals. The key quantity that determines the radiation dynamics of a fluorescent source embedded in a photonic crystal is the spatially resolved, or local density of states (LDOS) [10] . In three dimensions, the LDOS provides the spectral distribution of modes to which a fluorescent source couples: if, for a particular frequency, the LDOS is large, then this indicates that the light emission at that frequency is enhanced by the structure; correspondingly, a small value of the LDOS indicates the suppression of light emission at that frequency.
The LDOS was calculated earlier for one-dimensional structures [11] . In three dimensions, the LDOS was calculated for a periodic array of spheres for isolated points inside the unit cell as a function of wavelength [12, 13] . In all these structures, that are of infinite extent, the LDOS vanishes for wavelengths inside the photonic band gap. However, all realistic photonic crystals are finite and the LDOS for gap wavelengths is then small but does not vanish. To obtain the details, we must be able to determine the LDOS for photonic crystals of finite size. Earlier, we calculated the two-dimensional LDOS for a two-dimensional photonic crystal that consists of a finite cluster of infinite circular cylinders, which we took to point in the z-direction [14, 15] . We did so by first calculating the full two-dimensional electromagnetic Green tensor, from which the LDOS can then be obtained by taking the limit in which the source and observation points coincide. For this two-dimensional problem the polarizations decouple and it is sufficient to consider the cases in which either the electric field points in the z direction, i.e. E = E zẑ (E z or TM polarization), or the magnetic field H = H zẑ (H z or TE polarization). We earlier reported the LDOS for the case of a square array of high-index cylinders in a low-index background and E z polarization, and showed that, for wavelengths inside the photonic band gap, it decreases exponentially inside the cluster [14, 15] . Since this geometry does not lead to a complete band gap for H z polarization, we showed complementary H z results for an hexagonal array of low-index cylindrical inclusions in a high-index background [15] . In both cases the derivation of the results was only sketched.
The aims of this paper are twofold. First, we complement the previous outline [14, 15] of our approach to calculating the LDOS by giving sufficient details to enable the construction of a numerical implementation of it. We describe both the scalar E z (TM) case, and the vector H z (TE) case, which requires the solution of two independent scalar problems. We note that our method applies to systems of finite extent, in contrast to other work, in which periodic boundary conditions are used. The second aim is the presentation of new results. We show additional results for both polarizations, all for a hexagonal array of low-index inclusions in a high-index background, so that they can be mutually compared. We also demonstrate the flexibility of the method by giving results for structures with defects comprising of waveguides and a cavity. This shows that the LDOS may be a powerful tool in the design of photonic devices.
Our method for the calculation of the LDOS gives the Green tensor for a line source placed anywhere within a finite cluster of dielectric or metallic cylinders. It does not rely on temporal Fourier transforms, as in the finite-difference time domain method [16] , and therefore can use measured optical properties of the cylinders. From the imaginary part of the trace of the Green tensor at the source point, we derive the LDOS. Note that we can construct detailed maps of the LDOS as a function of the spatial position at a given frequency, using only a single matrix inversion. This enables us to consider quite large clusters and still exhibit high resolution, highly accurate LDOS maps using workstations or PCs. We have also been able to construct a movie [15] , showing for E z polarization the interesting and complicated behaviour of the LDOS for frequencies in and adjacent to a band gap.
We apply the method for the two principal polarizations to finite hexagonal and square arrays of non-magnetic inclusions, both with and without defects. In particular, we illustrate the power of our method by considering the LDOS for photonic crystal wave guides with a bend, and a cavity resonator. For the former, we show that the LDOS and the intensity of the wave field in the channel are highly correlated: when the wave field is well-guided, the LDOS is high. For the latter, we show that the cavity can enhance the LDOS by a factor of as much as 60.
In the remainder of this paper we first, in section 2.1, construct the Green tensor for E z polarization and show how to calculate the LDOS, while in section 2.2 we calculate the Green tensor and LDOS for H z polarization. This is followed by a number of applications in section 3. We finish in section 4 with a discussion of the method and the results.
Electromagnetic Green tensor and LDOS for two-dimensional problems
The LDOS can be calculated from the imaginary part of the Green tensor [17, 18] ρ(r; ω) = − 2ωn
where n b is the refractive index of the background in which the cylinders are embedded, and G e (r, c s ; ω) is the electric field Green tensor for a source at c s and observation point at r. Note that G e is the electric field response to a source; we require it here since we assume that electric dipole transitions generally dominate. However, in a situation in which such a transition is forbidden, it may be necessary to consider the corresponding magnetic Green tensor. Note further that Re Tr[G e (r, r; ω)] diverges and so care must thus be taken in numerically evaluating the Green tensor.
The Green tensor is a second-rank tensor with 3 × 3 components [19] . The elements in column u represent the components of the electric field vector (G e xu , G e yu , G e zu ) generated by a source radiating parallel to the u = x, y, z axes respectively.
For a two-dimensional problem the source is an infinite-line antenna located at r s . We consider here the two principal E z and H z polarizations which enable the Green tensor to be simplified as follows. For E z polarization it reduces to a form involving only a single non-trivial scalar G e = G zz δ uz , while for H z polarization it reduces to a 2 × 2 tensor form
To find the components of the Green tensor for a nonhomogeneous structure we use the exact formalism of multipole expansions [20] [21] [22] , considering not only the cases in which the source is located outside the scatterers [22] , but inside as well. Below, we consider photonic crystals composed of a cluster of N c non-overlapping cylinders (see figure 1 ) with radii a l , refractive indices n l and positions of the centres of the cylinders at c l , located in a medium with refractive index n b = 1. The position of the source is given by the vector c s . Note that the case n b = 1 can be deduced from n b = 1 by simple rescaling k → kn b and n l → n l /n b .
LDOS for E z polarization
The Green function G zz = V e (r; c s ), is the solution of the boundary value problem
where V e and ν ·∇V e are continuous across all cylinder boundaries. Here n(r) is the refractive index of the cylinders or the matrix and ν is the outward normal unit vector to the surface of the cylinders.
In the vicinity of the lth cylinder, we represent the exterior field in the matrix of index n b = 1 in local coordinates r l = (r l , θ l ) = r − c l and write This local expansion is valid only in the annulus extending from the surface of the cylinder l to the surface of the nearest cylinder or source. In appendix A we derive the global field form of the field expansion (A.7) that is valid everywhere in the matrix
In (5), the first term is due to the inhomogeneous source term in (3), with χ ext (c s ) taking the value 1 for an exterior source and 0 otherwise. The second term is associated with scattered radiation sourced on each of the cylinders q = 1, 2, . . . , N c . Applying Graf's addition theorem [24] to the terms on the right-hand side of (5) (see figure 1), we write
expressing the global field expansion in the local coordinates of the lth cylinder. Equating this with the local expansion (4) we deduce the field identity
where
Here, (c lq , θ lq ) are the local polar coordinates of c lq = c q −c l , the position of cylinder q relative to cylinder l and correspondingly (c ls , θ ls ) are the local polar coordinates of c ls = c s − c l , the position of the source s relative to cylinder l. Equation (8) indicates that the local field in the vicinity of cylinder l is due to a combination of (a) the exterior source, characterized by coefficients K l m in a local coordinate expansion, and (b) sources on all other cylinders (q = l), the contributions of which to the multipole term of order m − p at cylinder l are given by S lq mp .
In matrix notation, we may introduce vectors
A l = [ A l m ], B l = [B l m ], K l = [K l m ]
and cast (8) in the form
Here, A l and B l denote vectors of multipole coefficients for cylinder l, S lq = [S lq mp ] for l = q is a matrix of Toeplitz form (10) , and
, we form the Rayleigh identity
The A and B coefficients are linked through the continuity of the tangential components of the electric and magnetic fields across the cylinder boundaries. To derive these, we use the interior field expansion within cylinder l derived in appendix A:
In (13), the first term is due to the interior source within cylinder l, the presence of which is signified by the term χ int l (c s ) that takes the value 0 for an exterior source and 1 otherwise, while the second is due to contributions from the boundary of cylinder l (see appendix A). Applying Graf's addition theorem to the first term, we derive
in local coordinates about cylinder l. Here,
where (c ls , θ ls ) = c ls = c s − c l , denote the coefficients in a Neumann series expansion of an interior source s in local coordinates of cylinder l. The boundary continuity conditions are most conveniently expressed in terms of cylindrical harmonic reflection and transmission coefficients. Following [24] , we express
where the regular exterior field {A (16) and (17) become
, and with identical definitions applying for the other reflection and transmission matrices.
The Rayleigh identity, in the form of a system of linear equations in the source coefficients B, is then deduced from (12) and (18):
We note that the right-hand side of (20) represents the reflection (RK) of a source K exterior to the cylinder or the transmission (T Q) of an interior source Q through cylinder interfaces. If we consider the row partition corresponding to cylinder l, then the functions χ ext and χ int l that occur within the definitions of K and Q act as source term switches and at most only one of the terms K l or Q l can be active at any time. For any exterior source, the K q are non-trivial for all q, while for a source within cylinder l, the Q q for q = l are trivial and only Q l is non-zero. By solving the partitioned system of linear equations (20) ,the multipole coefficients B l are determined and the Green function can be reconstructed from its exterior (5) and interior (13) global field expansions. The infinite system must be truncated to generate a computational solution, the accuracy of which is governed by the number of retained circular harmonics N m = 2N max + 1, where N max is the truncation order of the infinite linear system (20) .
This method has a number of advantages. The boundary conditions are analytically satisfied, thus yielding improved convergence, particularly in situations of high refractive index contrast. Furthermore, the source dependence is restricted to the right-hand side of the system (20) , since the coefficient matrix is determined solely by the structure and material properties of the scatterer cluster. It thus follows that only a single matrix inversion is required to calculate the entire Green function (and LDOS) pattern for a given frequency. We finally observe that the singularity of the Green function as r → c s can be removed analytically before attempting any numerical calculation of the LDOS.
To demonstrate the method, we consider a cluster of hexagonally packed, circular air voids with common radii a l /d = 0.48 in a matrix of dielectric constant n 2 b = ε = 13. These parameters are chosen from chapter IV of the text by Joannopoulos et al [2] . The associated infinite structure has band gaps for 1.94 < λ/d < 2.83 for H z polarization, and for 1.94 < λ/d < 2.31 for E z polarization and thus exhibits a full band gap for 1.94 < λ/d < 2.31. The cluster is constructed as a sequence of concentric shells of air voids with a central cylinder placed at the origin. To verify the method numerically, we checked that the boundary conditions were satisfied (i.e. that the global field expansions and their normal derivatives were continuous across cylinder boundaries) and also that reciprocity was satisfied (i. figure 2(a) ). The LDOS rapidly approaches the free-space value outside the cluster. Figure 4(b) is similar, but for λ/d = 3.0, in the pass band. Now ρ(r; ω) does not decrease inside the structure but fluctuates around the vacuum value of 0.25.
In figure 5 (a) we plot the LDOS along the y-axis for N c = 19, 61, 127 for a wavelength λ/d = 3.0. Note that the LDOS decreases, on average, exponentially inside the cluster, The LDOS now oscillates inside the cluster and approaches the free-space value for points outside the cluster. The rapid decrease of the LDOS at the edge of the cluster is associated with its evanescent field contributions, while the oscillations within it are associated with propagating field contributions [23] . It can be shown from Maxwell's equations that the total radiated power P is proportional to the LDOS. For this polarization we can write
while for the general case of a dipole source with a dipole moment P the total power is given by the equation
Im p · G(r = r , ω).
LDOS for H z polarization
For H z polarization, the components of the Green tensor G vu for u, v = x, y are electric field quantities derived from the magnetic field V h u according to
a result derived from the Maxwell curl equation for the magnetic field. Here, V h u is the magnetic field generated by a current source oriented in the direction uand satisfying the inhomogeneous Helmholtz equation
derived from Maxwell's equations. The complete characterization of the electric tensor requires the solution of two independent problems associated with current sources aligned with u =x,ŷ respectively. 
where, this time, as shown in appendix A,
The corresponding interior expansion is
where the V h,int 0u
have the same forms as (24) and (25), but have an additional factor n l and k replaced by kn l .
The forms V h,ext 0u
in (24) and (25) are the elementary solutions of (22) in a uniform background of refractive index n(r) = n b = 1 in the absence of scatterers. Using (21) , these lead to the free-space electric Green tensor (2) in the form [19] 
where H (1) m is the Hankel function of mth order and first kind, k is the wavenumber and θ = arg(r − c s ). Since Re(H given by (24) and (25) respectively. The derivation of the Rayleigh identity is the same as that for E z polarization, and indeed the coefficient matrix I − RS, on the left-hand side of (20), has precisely the same form, with the exception that the reflection matrix R is replaced by its H z polarization form (appendix B). The essential difference occurs in the exterior and interior source vectors K and Q, which now contain coefficients of cylindrical harmonic expansions of the dipole source terms V h,ext 0u . For the dipole source term V h,ext 0x the K and Q are given by
while for the dipole source term V h,ext 0y the expressions for K and Q are given in appendix C. Once the Rayleigh identity has been solved for each of the two source orientations, the magnetic field V h u is reconstructed using global field expansions (23) and (26) . The components of the electric tensor are calculated using (21) . Figure 6 gives the H z polarization equivalents of the E z polarization results shown in figure 4 . The general features of the two cases are similar: a reduction of the LDOS for the gap wavelength in figure 6(a) , while for a wavelength in the pass band in figure 6 (b) the LDOS oscillates around the free-space value.
Note, in addition, that for H z polarization, the LDOS is discontinuous across the cylinder boundaries, as illustrated in figure 7 , which shows a cross-section as in figure 5 . Another interesting feature is that the LDOS for E z polarization has a local minimum at the centre of the cluster while H z has a local maximum. In contrast, the LDOS for E z polarization for a square array of dielectric cylinders in air has a local maximum in the centre [14] .
Having discussed the LDOS at fixed wavelength as a function of the position, let us now consider it at fixed position versus wavelength. In figure 8 we show the LDOS for points both inside and outside the air cylinders. The calculations were done for a cluster with N c = 127 voids. The LDOS is substantially reduced for wavelengths 1.9 < λ/d < 2.31 for E z polarization ( figure 8(a) ) and for wavelengths 1.9 < λ/d < 2.8 for H z polarization ( figure 8(b) ). Note that the corresponding periodic infinite structure has a full gap for these wavelengths.
From figure 8 we note that although the LDOS for the two positions differ, this contrast is modest and is associated with LDOS variation within the unit cell. However, the differences between E z and H z polarization are significant-the reduction of the LDOS by the photonic crystal for E z polarization is two orders of magnitude stronger than for H z polarization. Note further that the LDOS near the gap edges may be significantly enhanced compared to their free-space value. Such enhancement has been previously discussed [25] .
Applications
As applications we consider the LDOS properties for a photonic crystal with a waveguide as in [26, 27] and a photonic crystal with a cavity. Such structures have been proposed as key unit elements for future photonic integrated chips [5] . Mekis et al [26] theoretically predicted that it is possible to bend the path of propagation of light by 90
• without substantial losses, and this subsequently was experimentally observed by Lin et al [27] .
In figure 9 (a) we show the LDOS for such a structure for λ/d = 2.81 and E z polarization. An ideal 100% transmission has been reported [26] in a similar structure for the resonant wavelength λ/d = 2.83. The refractive index of the cylinders is n l = 3.4, the radii a l = 0.18d and there are N c = 226 cylinders. Note that the LDOS peaks along the path; the large LDOS 'attracts' the electromagnetic wave, which therefore preferentially propagates along the path. For a non-resonant wavelength we find that the LDOS is low along the path but we do not show this here. In figure 9 (b) we show the Green function excited by a line source, indicated by a black dot, near the entrance of the path. This line source roughly models a possible waveguide connection between different components of a photonic integrated chip. Note that indeed the electromagnetic wave propagates along the path for the resonance wavelength and is confined in relative proximity to the guide.
As a next application we consider the LDOS for a photonic crystal with a cavity. Such structures can localize light with a particular wavelength and they are the elements of channel drop filters [5] . In figure 10 we plot LDOS versus wavelength at the centre of a square array of cylinders with radii and the refractive indices a l = 0.3d, n l = 3 respectively and for E z polarization. The solid curve corresponds to the full cluster with N c = 11 × 11 = 121 cylinders, while for the dotted curve the central cylinder has been removed to form a cavity. The dashed curve corresponds to the cavity in which the central N c = 9 cylinders have been removed. Note that as we remove the central cylinder we introduce an impurity state on the short-wavelength edge of the gap at λ/d = 2.95 (donor mode). The LDOS is more than 60 times higher than the free-space value for this impurity state. Removing a single cylinder introduces a sharp resonance in contrast to the broad resonance that results from removing several cylinders. Note, though, that for a perfect crystal, the LDOS can be 200 times greater than in free space (solid curve figure 10 ) for a wavelength not in the gap. Figure 11 (a) gives a contour plot of LDOS versus position for λ/d = 2.965, which is inside the gap, but close to the low-wavelength edge. Note the strong enhancement of the LDOS inside the cavity relative to the free-space value and that the LDOS decreases as we move out from the cavity. In figure 11(b) we present the LDOS along x = 0 of figure 11(a). It is seen that at the centre of the cavity the LDOS is more than 60 times higher than the free-space value.
Discussions and conclusion
We have constructed the two-dimensional Green tensor for two-dimensional photonic crystals composed of circular cylinders of infinite length and through this we have calculated the LDOS for this two-dimensional problem for both polarizations. The LDOS was shown to decrease exponentially inside the photonic crystal for gap wavelengths and to oscillate around the free-space value for wavelengths in the band. In addition, the LDOS for E z polarization is continuous, whereas it is discontinuous across the cylinder boundary for H z polarization. We also considered clusters that are inhomogeneous due to the presence of a waveguide or a cavity. We found that the Green function gives a good indication of the excitation of a waveguide mode by an antenna that is placed close to the entrance of the guide ( figure 9(b) ). Though this mixes losses due to impedance mismatches at the two ends of the guide with intrinsic losses inside it, for example due to bending, it nonetheless gives a good indication of the guidance properties. It was also shown that the LDOS in a such a waveguide has essentially the same value inside the waveguide as in free space ( figure 9(a) ). In fact, the LDOS was found to be a good indication of the quality of the guiding properties, and may be suitable as a design tool for more complex structures. In fact, from the results shown here one might conclude that the waveguide structure corresponds to a region with higher LDOS than its surroundings.
The method is very robust and accurate and the numerical implementation, running on a 500 MHz PC, takes 12 h to produce the results with a resolution of 301 × 301 points shown in figure 2. However, for large, random clusters with N c > 300, and many realizations, access to supercomputer facilities is necessary. We note that the geometry described here is one of the few for which the exact Green function can be constructed. This gives the rare opportunity to investigate rigorously the phenomenon of Anderson localization in 2D and the phenomenological scaling theory of localization.
We note that although we applied our method here to structures without loss or gain, the inclusion of these effects does not require substantial modifications. This should be contrasted to other methods that have been applied to three-dimensional structures, in which the band structure of the infinite system is required.
The method can also be generalized to obtain the Green tensor and the LDOS for sources with z-dependence. This includes a point source, which is a good model for the emissive properties of atoms. The simple case in which the source has an exp(iQz) dependence leads to a field with the same dependence. However, for Q = 0 the field can now not be separated in E z and H z polarizations; rather, a full vector multipole expansion must be used. For a source with an arbitrary z-dependence, a calculation of the resulting fields requires an integral over Q, thus significantly adding to the required computation time.
Specially designed photonic crystals with tailored LDOS for optimized performance are likely to be essential for future photonic devices [28] . We believe that this method and its generalization to the three-dimensional clusters of spheres will prove sufficiently powerful to address such problems. Here r is the radius vector of an arbitrary point in the matrix, while c l is the radius vector of the centre of the cylinder l. Note that r l = r − c l , and the expansion (A.7) is valid anywhere in the matrix. For the interior expansion we again use Green's second (A.1) theorem over the area A of the cylinder l and obtain The second term in (A.14) is associated with the scattered field from other cylinders and calculated in the similar way as for E z polarization. The case in which the source is parallel to the y axis is similar to that for the x-axis.
